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Missile Guidance Laws Based on
Singular Perturbation Methodology
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Air-to-air missile guidance laws pose significant design issues of effectiveness, complexity, and real-time
computation requirements, particularly when they are designed for use against maneuvering targets. Con-
ventional homing and proportional navigation (pro nav) guidance laws are simple and require minimal com-
putation. These approaches are, however, not generally effective against maneuvering targets, leading to launch
envelopes of reduced size. Guidance laws based on optimal control theory may minimize the miss distance, but
the resulting optimization problem is complex and difficult to implement in real time. The singular perturbation
approach described in this paper provides 1) an approximate method to solve the optimal problem and 2) a basis
to relate this solution to conventional and pro nav control laws'. Physical properties of missiles, targets, and
engagement scenarios are explicitly considered in this paper to maximize the accuracy of a guidance law based on
singular perturbation methodology.
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Nomenclature
=magnitude of target acceleration
=magnitude of missile acceleration
= maximum value of am
=zero-lift drag coefficient
= drag
= drag corresponding to [ • ] layer
=gravity
=load factor limit
= Hamiltonian
= Hamiltonian corresponding to [ • ] layer
= performance index
=target turn rate
= induced drag coefficient
= navigation gain
=estimate of the distance traveled by the missile
=lift
= maximum value or lift
=lift in analysis axis, L° lift in analysis or outer
solution

= components of lift in x-y and y-z plane,
respectively

=mass of the missile
= initial mass of the missile
= dynamic pressure
=initial value of dynamic pressure
= reference area of the missile
=time
= final time
=thrust
= speed of the missile
= closing velocity of the missile
=initial speed of the missile
= desired direction of missile velocity
= missile velocity
=target speed
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Vj, v2 = components of virtual target velocity
w = missile weight
x,y,z =± relative position of the missile from the target
x(0),y(0) = initial value of x and y
xrtyr = relative position of the missile in the analysis

axes
5 = orientation of missile acceleration
7 = missile flight path angle
7 [ * ] = missile flight path angle in [ • ] layer
0 = missile heading in first analysis axes
</>, = target heading in first analysis axes
p = air density
X [ ; j = adjoint variable corresponding to state (•) in

[ • ] layer
e = time-stretching parameter
£ = heading in second analysis axes

=optimum values of </>,7,£ in the outer solution
= line of sight angle
= stretched time
= integrand in the performance index

<t>°,y°,e°
a
T
<£
Superscripts

o
1
( • )

= outer layer
= boundary layer
= differentiation with respect to time

Introduction

H IGHLY maneuvering targets of the next decade pose a
serious threat to current tactical missiles. Three major

areas where tactical missiles need improvement are
propulsion, seekers, and guidance and control. In the end
game, missile aerodynamic capabilities are often not fully
utilized because of poor guidance logic. Therefore, advanced
guidance laws provide an effective means to combat high-g
targets. Recent developments in digital hardware enable
implementation of such guidance algorithms with small
additional cost.

Early missiles used a pursuit form of navigation in which
steering commands are generated to drive the look angle to
zero. The missile heads in the direction of current target
position. The control strategy is statisfactory for stationary
targets and leads to tail chases for moving targets. An ex-
tension of this approach is called proportional navigation or
pro nav, and works well for constant velocity targets. In pro
nav (PN) the line-of-sight rate is driven to zero by lateral
acceleration commands proportional to line-of-sight rates. A
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simple extension of previous control laws may be used for
targets with nonzero longitudinal acceleration but no lateral
acceleration. The pro nav and its various extensions form the
basis of guidance laws used in all tactical air-to-air missiles
today.1-5

The missile-target engagement problem may be formulated
as an optimal control with a specified performance function.
The resulting solution, however, is so complex that it cannot
be implemented on microprocessors likely to be available
during the next ten years. The singular perturbation (SP)
method presented in this paper leads to a simplified solution
of the optimal control problem.

A general theory has been developed for multiple time scale
problems in linear systems. No such methodology is available
for nonlinear systems. The success of the technique with
nonlinear dynamics depends primarily on problem for-
mulation. A critical variable is the set of time scales whose
ratio is defined to be small. In our approach, this small
parameter is introduced based on the physical properties of
missiles, targets, and typical engagement scenarios. The value
of this parameter for a particular case indicates the accuracy
of the approximate solution and also determines areas where
higher order approximations to the solution are necessary.
The resulting solution is nearly optimal. Different for-
mulations will, however, be required for different missiles.

The missile/target characteristics are often such that
nonuniform approximations are required in different systems
of equations. A solution based on a particular set of
nonuniform approximations is presented in this paper. The
control law is further simplified by 1) defining several axis
systems, one for each set of fast and slow equations;
2) deriving an equivalent nonmaneuvering target; and 3)
utilizing the feedback nature of the implementation. The
resulting control law may be implemented using current
digital hardware. Its performance is significantly better than
pro nav against highly maneuvering targets, particularly in
difficult engagement scenarios.

The next section gives the problem formulation followed by
the discussion of general singular perturbation methods. The
rationale behind the selection of slow and fast states is
described and this selection is used to specify singular per-
turbation guidance for missiles. The following section con-
siders the implementation of the SP guidance law and
compares it with PN guidance. An example is given followed
by conclusions and general discussion of the guidance law.

Problem Formulation
A typical engagement scenario is assumed in which the

missile and the target start from arbitrary points in space with
general initial velocities. The target maneuvers with a constant
acceleration a, perpendicular to its velocity. J Since both the
missile and the target acceleration capabilities are much
higher than 1 g, the direction of gravity is not important and
any convenient axis system may be selected. The following
system of axes is selected initially to simplify the derivation of
the control laws: 1) the jc-axis is chosen to be along the initial
direction of the target velocity vector; 2) the >>-axis is per-
pendicular to the x-axis in the plane of rotation of the target;
3) the z-axis is perpendicular to the plane of rotation. We will
refer to this set of axes as the first analysis axes (FAA).

Missile and Target Dynamics
The equations of motion describing the intercept problem

in the FAA, ignoring gravity, are
(1)
(2)

= v siny

x =v cosy cos<£-i;,cos0,
y = v cosy

^Targets often perform random lateral accelerations. This kind of
evasive maneuver may be used for guidance law computation.
Computation with a six-degree-of-freedom simulation has shown no
performance degradation when targets use other evasive maneuvers.

amsind/v cosy

acosd/v

(3)

(4)

(5)

(6)

(7)

The various angles are illustrated in Fig. 1 .
Drag is a nonlinear function of velocity. For the purpose of

control design, it is modeled by the parabolic drag form

Further,

D=qscdo+KL2/qs

L2=Lsind L3=Lcos5

(8)

(9)

The thrust is T for t^tT and is zero for t>tT. The control
in this problem is the lift L. Lift is chosen subject to the
constraint

L<wgm(v) (10)

where g m ( v ) represents a load factor limit which may arise
due to a structural limit, control surface actuator limit, or
autopilot stability considerations. It is, in general, a function
of missile speed.

Control Requirements
The missile intercept guidance problem involves selecting

the lift vector to drive the missile from its present state to the
same position as the target

=*('/) =0 (11)

and the final time tf is free. The constraints are that the lift
vector should lie in a plane perpendicular to missile velocity
and its magnitude should be smaller than the maximum
allowable lift. A general performance index is specified

f= £dt
JO

(12)

where <£ is some function of missile states and controls (other
than position and orientation). Final values of selected state

Fig. 1 First analysis axes (FAA) and angles.
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variables may also be included in the cost functional if desired
by using a Dirac delta function term in <£ .

Optimal Solution
The Lagrange multiplier method may be used to find the

optimal solution. The Hamiltonian for this problem is

//= \x (v cos7 cos0 - vtcos<t>t )+\y(v cosy sin<£ - t;,sin<£, )

-a,/vt

Since the Hamiltonian does not depend on xt y or z,

x,=x,=x,=0
The other four Lagrange variables are

\v =-dH/dv

\6 =-dH/d<l>

(13)

(14)

(15)

(16)

(17)

(18)

The final value of all these adjoint variables is zero (no final
condition constraints on v, <t>, 7, and 0, ) .

The solution for the optimal control L and 6 and the final
time, tj, results in a two-point boundary value problem
(TPBVP) involving Eqs. (1) through (18). Several numerical
methods6 are available for the solution of the TPBVP and all
of them result in excessive computation and open-loop
solutions. A suboptimal solution to the TPBVP based on
singular perturbation theory needs to be developed .

Summary of Singular Perturbation Methodology
In the singular perturbation methodology, the state vector

is divided into a slower part and a faster part.7 Qualitatively,
the slower part has a larger time constant than the faster part.
The state equations are written by introducing an arbitrary
small parameter e:

x =f(x,y,u)

ey =g(x,y,u)
x(0) =x0

y(0)=y0

(19a)

The optimal control problem of minimizing a general cost
functional

(20)

is reduced to the solution of two subproblems.
Step 1: Set e^O. This reduces the differential equation

[Eq. (19b)] to an algebraic equation. Solve Eq. (19b) for
y=ys in terms of x and u. Substitute for y in Eqs. (19a) and
(20). Solve the optimization problem to compute w*(0) = ws
and solve for x* from Eq. (19a). Physically this step means
that the variation of y is so fast compared to x that y can be
assumed to have reached a steady state while computing us
and*5V

Step 2: This step considers the effect of the simplification
on the fast variable^. Because of the simplification, there is a
discrepancy between ys and y0. Thus, we are looking for an
approximation

that is valid for f >0. To study the behavior of y, consider the
time transformation

r = t/e (22)

In the stretched time, Eqs. (19a) and (19b) can be written as

d*
I (23a)

(23b)
UT

From Eq. (23b), even as e-*0 and y^oo, ey is finite, i.e., the
rate of change of the fast variable in the stretched time scale is
finite. Further, in the stretched time scale x remains at its
initial value X0. Also w = w*(0) = us. Thus the behavior of the
fast variable as a function of T can be represented by

£ =g(x(0),y(r),us] y(0) =y0 (24)

The fast solution is improved by introducing a fast control uf
into the Eq. (24),

and require that

lim Uf(r) =us

(25)

(26)

Equations (25) and (20) are used to compute the fast control.
The optimal control u* is approximated by

(27)

Solve Eq. (25) for y%.

y(t)=ys+o(e) (21)

Step 3: In step 2, it was assumed that the slow variables and
the control remain at their initial values x0 and w*(0),
respectively. Corrections can be applied whenever this
assumption is not valid. Substitute the more accurate values
of y*Q and wj in Eq. (19a) and solve the first problem again to
get an e-order correction. This procedure could be repeated
with Eq. (19b) to obtain second-order correction. Every
repetition of the procedure gives a^higher-order correction
term. A nonuniform solution applies different order
correction to the slow and the fast system.

The main decision in the application of the SP methodology
is the classification of states into faster and slower parts. This
should be based on the physical characteristics of the system
and the performance index. The next decision involves the
selection of a proper combination of faster states and controls
while solving the reduced-order optimization problems in
steps 1 and 2.

Selection of Faster and Slower States
Physically, the dynamics of the interceptor problem may be

divided into seven parts: 1) relative position (x,y,z), 2) missile
speed ( v ) , 3) missile velocity orientation (^,7), 4) missile
acceleration or missile pitch dynamics ( L ) , 5) orientation of
missile acceleration or roll dynamics (6), 6) target velocity,
and 7) target acceleration. In the computation of the missile
guidance laws, the future time histories of the target velocity
and acceleration are not known and must be set to some
values (for example, by means of differential games analysis,
or from observed target behavior). Therefore, the last two sets
of variables do not enter the dynamic states considered here.
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Table 1 Relative dynamics of missile and target states

Vehicle

Missile

Target

Dynamics

Position
Speed
Velocity orientation
Acceleration (autopilot pitch

dynamics)
Acceleration direction (autopilot roll

dynamics)

Velocity
Acceleration

States

x,y,z
V
y,<t>
L

5

vt
at

Characteristic
value

2000ft
1000 ft/s
30deg

max value

±90deg

1000 ft/s
320 ft/s2

Characteristic
time, s

1.0-2.0
10.0-15.0
0.2-0.3

-0.1

-0.01

3.0-15.0
0.2-0.5

Table 1 gives a typical set of time constants for each of the
seven parts of the missile/target dynamics. The time constants
are based on the variations of the states about the nominal or
zero input values. The missile speed, for example, varies quite
rapidly, but the additional drag due to the control input
produces a deceleration of about 60-100 ft/s2. Based on the
time constants, the states are classified into four groups:
1) velocity (very slow), 2) position (slow), 3) velocity orien-
tation (fast), and 4) acceleration and its direction (very fast).

Since the slow system has a time constant in the unit range,
we can define small parameters of the SP method based on the
time constants of the particular equations under con-
sideration. Essentially, we scale the very slow, fast, and very
fast equations such that the variation of the scaled variables is
of the same order of magnitude as the slow variable. By in-
troducing these parameters, the above system of equations
may be written as

Very slow

7 T-qsC-qsCdo\ v0 / L
mv0 / d \Lm mq

Slow

Fast

q0sm0 v2
0

d = characteristic distance

x v , vt- = - cos7 cos</> — — cos</>,, etc.d d d

v0 v0 L sin6
€0 = —— • ——

(29)

«> d ^max COS7

0 0ey = — • -7- • - —— cos6

Very fast

e2d=(v/d)(dc-d)

(30)

(31)

(32)

(33)

(34)

(35)

Lc and dc are the commanded variables, e/ and e2 are the
time constants of pitch and roll autopilot dynamics scaled
withd/v.

Singular-Perturbation-Based Intercept
Guidance Laws

It was pointed out in the previous section that the states of
the interceptor problem can be arranged in a hierarchy
depending on the speed of response. In a short-range air-to-
air missile, there is no control on engine thrust. Therefore, the
velocity of the missile is a function of time and not subject to
optimization. For simplicity, in the subsequent analysis the
velocity (very slow) and position (slow) states are considered
slow states. Also, in the present analysis we ignore the pitch
and roll dynamics. Thus the system is divided into slow and
fast dynamics for the purpose of deriving singular-
perturbation-based guidance laws. The faster subsystem
should be modified to

v0 v0— • — -
" d

v0 v0 L~j ~rv d L

sin6
(36)

(37)
max

The transformed state equations (36) and (37) modify the
adjoint equations (16) and (17) to

eX,= - free

(38)

(39)

The accuracy of the singular perturbation approximation
increases as e decreases since approximations are sought by
expanding the solution around e = 0. The characteristic
distance d can be considered to be the initial range between the
missile and the target. Table 2 shows the value of e for dif-
ferent ranges for a 30 g and a 100 g missile. The initial speed
of the missile is 1000 ft/s. The approximation, therefore,
improves as the missle/target separation and the missile
acceleraiton capability are increased or the missile speed is
decreased. The actual value of e does not play any role if only
step 1 and step 2 are used in the computation of the guidance
law. However, a knowledge of e is required to decide whether
higher-order corrections (step 3) are necessary and to carry
out these corrections. A study of Table 2 shows that the
singular perturbation method provides an excellent basis for
computing control laws in bank-to-turn missiles.

Table 2 Small parameter € as a function of
initial range and maximum missile acceleration

Maximum
missile

acceleration 2000

Range, ft

5000 10,000

30 £ 0.520
0.155

0.208
0.062

0.104
0.03 f
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Slow or Large Time Constant Solution (Outer Solution)
In the slow solution we let e—>0. Then xt y, z are the state

variables and <t> and y are the control variables. The intercept
condition can be shown8 to give

x(0) +1 cosy°cos<t>°-vt/k sin(ktf) =0 (40)

y(0)+lcosy0sin<t>°+vt/k[cos(ktf)-l]=0 (41)

Z(0)+lsiny0=0 (42)

where k=at/vt. Since tf is free and the Hamiltonian is not an
explicit function of time,

H°(t)=0

on the optimal trajectory. In particular,

H°(tf)=0

(43)

(44)

The intercept condition can be used to solve for tft I, y° and
<t>°. The adjoint variables XJ, X° ands£ are constants. X^ and
\°v are

A^( f ) = vt/k[\°(coskt-cosktf)+\°(smkt-smktf)l (45)

X? = - ,™ [Aj(i; cos7°cos</>° -vtcoskt)

s$(vcosy0sin<t>°-vtsmkt)+\%t-k+£] (46)

An important contribution of this paper is the sim-
plification of the solution by showing that the missile-
intercept problem for the maneuvering target can be reduced
to the intercept of an equivalent constant velocity target. By
eliminating X0/, the Hamiltonian for the slow part of the
system becomes

H° = X ° ( v cosy cos0 - vtcosktf) +\°(v cosy sin<£ - vtsinktf)

0 (47)

(48)

Ji, = - [m/(T-D)\°(v cosy°cos<t>°-vtcosktf)

+ \°(vcosy°sm<t>°-vtsmktf) +£°]

An examination of Eq. (13), (47), and (48) reveals that the
effect of a maneuvering target in the computation of the
adjoints XJ, X° X£ and X£ is equivalent to that of a virtual
target which flies at constant velocity, [vt cosktj, vtsinktf, 0].

Let £ be the angle between vd and the missile velocity vector
v. The key to the solution simplification is the definition of a
new set of axes with 1) x-axis along vd, 2) z-axis being the
normal to plane containing vm and vd, and 3) .y-axis per-
pendicular to the x-axis. This set of axes is referred to as the
second analysis axes (SAA). Let vt and v2 be components of
the virtual target velocity along the SAA x- and^-axes.

INTERCEPT POINT

x-AXIS
Fig. 2 Forces in the SAA.

The equations of motion in the SAA are

xr = v cos£ - Vj

v=(T-D)/m

(50)

(51)

(52)

where xr and yr are the relative distances of the missile from
the virtual target along the SAA x- and >>-axes. L is the lift
force acting in the (v—vd) plane as shown in Fig. 2. The
outer solution Hamiltonian in the SAA is

(53)

(54)

(55)

Hor = \Xr (v cos^-Vy) +\yr (v

+ \Vr(T-D)/m + £ = 0

In this axis system

and

Boundary Layer Solution (Fast Problem)
In the outer solution it was assumed that the missile can

change its velocity instantaneously towards the direction vd.
The turning transients which are ignored in the outer solution
are accounted for in this boundary layer. We model the
missile turn dynamics in going from the current missile SAA
heading to the outer solution optimal SAA heading £°. This
analysis results in a nonlinear solution for optimal lift (L) in
the (t;-^) plane. It should be noted that as £ goes to £°, L
must tend to zero, or the first boundary layer solution must
asymptotically approach the outer solution as the turn is
completed.

The fast problem is solved by using the time-stretching
transformation T=t/e and letting e— 0. The Hamiltonian for
the boundary layer problem is

1 =Xj[ (t; r (v sin£-t;2) +\*Vr(T-D)/m

The optimization of this Hamiltonian leads to

V 0W Vy ftf.»M-l » ' "

dL =~^"" ' "*"~~m
2/TL s(

+ vdLnqs

(56)

(57)

The first boundary-layer Hamiltonian H1 can be expressed in
terms of the outer solution Hamiltonian H° as

+ £-£°=0

Eliminating X( from Eqs. (50) and (51),

m qs dL

(58)

(59)

As £-*£°=0, H°(\° '^yr> -O and L-L°=0. The
control L in the boundary layer merges asymptotically into
the cqntrol in the outer solution. The_ necessary conditions
used in computing the optimal control L are the same as in the
reduced problem except that the adjoints X; , X£ , Xj are
known accurately only to zero order.
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Table 3 Singular perturbation control laws

163

Case Guidance law

1) Minimum time

2) Minimum drag

1.0 ~_ / QS
'~^ K(-\°/m) 'H

^Q,
KL2 _ qs____ f _ I ______3_______ e rj(

qs ^ K(l-\°vr/m) '

3) Combination of min pD+(l-p) L=J
time and min drag

qs
K(p-\°vr/m)

Fig. 3 Integration of guidance law with missile subsystems.

4) General function
of lift f ( L ) -.= J*i-£

\
m qs dL

[/(£) -/(/>)]

Choice of £
One of many reasonable cost functions <£ may be selected

depending on the missile and sensor characteristics and other
requirements. Some of the possible choices are:

1) Minimum time

£ = 7 (60)

This choice is useful in short-range missiles, particularly in
dogfights.

2) Minimum total drag

£=D (61)

This form may be useful in long flights when maximum
energy should be saved for unexpected target maneuvers in
the final phase, and when the missile thrust may be
modulated.

3) Missile stability

(62)

The function/may be selected in many ways to ensure that
excessive lift is not commanded such that the flight condition
is stable. This form may also be used to optimize control
surface deflections or minimize battery power requirements.

4) Combinations of the above
The current desired value of the missile lift is determined

for each of these cost functions using Eq. (59). These control
laws are shown in Table 3.

Implementation
Figure 3 shows the major subsystems of the missile. The SP

guidance law provides acceleration commands to the missile
autopilot (see Table 3 for explicit expressions). Thrust was not
optimized and was determined by the motor characteristics.
However, the algorithm can be easily modified to include
thrust magnitude control. The example in the next section uses
minimum time SP guidance law (Table 3, case 1). In contrast,
the acceleration commands generated by PN guidance are
given by

*m=*nav'«>c*- (63)

Range and range rate measurements and some estimate of
the target motion are needed to mechanize the SP guidance

law. Range and rate measurements can be obtained by vising
an active radar. One version of PN guidance [Eq. (63)] uses
both LOS rate measurements and closing rate information.
This requires the use of an active seeker; in the absence of an
active seeker, closing velocity is replaced by missile velocity
and the navigation gain must be adjusted for each engagement
to improve performance.

In SP guidance, the range and range rate information is
converted to estimates of time-to-go and optimal heading.
This computation is a large percentage of the total com-
putation involved at each guidance step. This can be done very
efficiently by using Newton-Raphson's method and the
previous value of time-to-go as the initial guess. These
computations can be done in one of the currently available
microprocessors, such as the Intel 8085.

Guidance signals are affected by sensor noise due to radar
jamming devices, scale factor errors, linearity errors, signal
processing errors, and random errors. In general, range and
look angle measurements are less susceptible to errors than
range rate measurements. The computation of time-to-go
involves only range measurements. All these errors are
compensated to a certain extent by the feedback nature of the
algorithm. Preliminary analysis and simulation have shown
that the algorithm is not very sensitive to estimates of target
velocity.

PN guidance may have an advantage over SP guidance if
.the target maneuvers randomly. However, a "smart" target
should, assuming that the missile has significant turn rate and
velocity advantage over the target, force the missile to
1) command more than the maximum turn rate, 2) exceed the
slew rate capability of the seeker, and/or 3) stress the
dynamical reference of the air frame/autopilot. The "smart"
target evasive algorithm9 is designed to bring out these
characteristics in an air-to-air engagement. The SP guidance
has shown significant improvement over PN guidance against
a "smart" target.

Table 4 Summary of missile-target characteristics
used in guidance law computation

Missile

Initial velocity, ft/s
Initial weight, Ib
Burn-out weight, Ib
Burn-out time, s
Boost thrust, Ib
5, ft2

cdoK
Maximum acceleration

1000
165
115
2.6
4700
1.0
0.3
0.0025
Function of

flight condition
Target

Initial velocity, ft/s
Acceleration, g

1000
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Table 5 Performance of guidance laws

Range

Miss distance, ft
Time, s
Maximum acceleration, g
Final velocity, ft/s
Final weight, Ib

2000ft
PN SP

12.6
0.872
75.0
1554
148.3

2.55
0.872
68.0
1554
148.3

5000ft
PN SP

0.13
1.872
60.0
2536
129.1

0.07
1.872
30.0
2536
129.1

Example
The example presented in this section demonstrates the

characteristics of the technique and compares it to the con-
ventional pro nav guidance law. Both guidance laws were
tested on a six-degree-of-freedom (6-DOF) simulation.10

A bank-to-turn short-range air-to-air missile is fired against
an aircraft-type maneuvering target. Important missile and
target parameters are summarized in Table 4. Three
engagement scenarios are considered: 1) tail chase, 2) initial
velocities at right angles, and 3) head-on approach. In each
case, at a certain distance the target makes an 8-g turn (equal
acceleration in horizontal and vertical planes) for various
target-to-missile ranges. There is a guidance initiation delay
of 0.4 in each engagement.

In tail chase and orthogonal approach scenarios, the pro
nav performs reasonably well. The SP solution is significantly
better, nevertheless. The most dramatic improvements are
obtained in the most difficult head-on approach.

Table 5 shows a comparison of the final conditions for pro
nav and SP guidance laws for 2000 ft and 5000 ft inijt&l
ranges. The PN guidance does not intercept the target for an
initial range of 2000 ft.

Figures 4 and 5a-5d provide further comparison of the
guidance laws. Figure 4 shows the missile-target trajectories
for PN and SP guidance obtained from the 6-DOF simulation.
The commanded and missile acceleration in the pitch plane
are shown in Figs. 5a and 5b. The missile maneuver consists
of quick roll so that the line of sight rate vector is located in
the pitch plane of the missile. The roll rate command is
limited to ±500 deg/s to avoid roll rate gyro limits and
acutator limits. Roll angle time-history is shown in Fig. 5c.
Figure 5d shows that angle of attack time history for both
guidance laws.

100

2 8°

§60
LU

O

u, 40

£20

SP GUIDANCE

PN GUIDANCE

0.4 0.6
TIME (SECS)

Fig. 5a Missile acceleration in the pitch plane for PN and SP
guidance.

| 40

| 20
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Fig. 4 Missile-target trajectories for PN and SP guidance.

The lift for the SP guidance law increases towards the latter
part. This is primarily because the approximations in the SP
method become poorer when the time-to-go is very small.
Extensions to the SP method are being worked out to apply
first order corrections to the slow solution to further improve
the performance.

Conclusions
The singular perturbation (SP) technique developed in this

paper for the guidance of short-range air-to-air missiles
provides a significnt improvement over pro nav guidance,
particularly in difficult engagements. The SP guidance is also
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simple enough such that real-time implementation should be
straightforward even using current microprocessors. The
guidance law does not require the solution of any two-point
boundary value problems. The three major components of the
intercept solution are: 1) determination of the desired missile
flight path for intercept, 2) computation of the plane of
missile maneuver, and 3) the commanded missile acceleration
in the maneuver plane. New solution methods are developed
for each of these three steps, leading to a simple and effective
guidance law. The computations are further simplified by the
introduction of an artificial target.

The guidance law is based on an estimate of target ac-
celeration. Its performance will, to some extent, depend on
how well the target acceleration may be estimated. If the
target acceleration cannot be determined, its estimate must be
set to zero. Preliminary investigations have shown that
sensitivity to errors in estimates of target acceleration is small.
Therefore, it is not necessary to know accurately the future
behavior of the target in the computation of the guidance
commands.

The performance of the derived guidance law also depends
upon the validity of the approximations used in singular
perturbation solutions. The solution deviates from the op-
timal as time-to-go decreases. Significant differences are
noted when the time to go is in the same range as the autopilot
time constant. First order corrections can be applied to the
outer solution (slow solution) to provide a better ap-
proximation. Such corrections are currently being developed.
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